Based on the relativistic Hartree-Bogoliubov theory, the influence of the pairing interaction strength on the di-neutron correlations and the crossover from superfluidity of neutron Cooper pairs in the 1 S0 channel to Bose-Einstein condensation of di-neutron pairs is systematically investigated in the nuclear matter. The bare nucleon-nucleon interaction Bonn-B is taken in the particle-particle channel with an effective factor to simulate the medium effects and take into account the possible ambiguity of pairing force, and the effective interaction PK1 is used in the particle-hole channel. If the effective factor is larger than 1.10, a di-neutron BEC state appears in the low-density limit, and if it is smaller than 0.85, the neutron Cooper pairs are found totally in the weak coupling BCS region. The reference values of several characteristic quantities which characterize the BCS-BEC crossover are obtained respectively from the dimensionless parameter 1/(kFna) with a the scattering length and kFn the neutron Fermi momentum, the zero-momentum transfer density correlation function D(0) and the effective chemical potential νn.
I. INTRODUCTION
The BCS-BEC crossover, which is described as the evolution of the pairing phenomenon from the weakly coupled Bardeen-Cooper-Schrieffer (BCS) type to the strongly correlated Bose-Einstein condensation (BEC) state with increasing pairing interaction, is one of the important issues in the study of the pairing correlations in Fermion systems. The transition from BCS to BEC was investigated theoretically in several domains of physics, such as in excitonic semiconductors [1] , superconductors [2] and attractive Fermi gases [3] . Although BCS and BEC are physically two quite different limits, it was found that the evolution between them is smooth and continuous [2] [3] [4] .
Since the strength of inter-atomic interaction can be controlled via a magnetically driven Feshbach resonance, ultracold Fermi atomic gases provide a special laboratory for studying strongly correlated Fermion systems. Recently, the BCS-BEC crossover phenomenon has been experimentally realized in ultracold quantum atomic gas [5] [6] [7] .
In nuclear physics, however, the BCS-BEC crossover phenomenon is still a challenging topic because of the impossibility to control the nuclear pairing force directly. Indirectly, one can change the strength of pairing interaction in nuclear matter by altering density or temperature. As a result, density and temperature are treated * Electronic address: mengj@pku.edu.cn as important parameters in the study of nuclear pairing correlations.
For the neutron-proton pairing, the BCS-BEC crossover has been investigated in the 3 S 1 − 3 D 1 channel, in which the strong spatial correlation and the BEC of the deuterons may occur at low densities [8] [9] [10] [11] .
For the neutron-neutron pairing, the correlation is expected to be significant in low-density nuclear matter as well. It is well known that the bare neutron-neutron interaction in the 1 S 0 channel leads to a virtual state around zero energy characterized by a large negative scattering length a ≈ −18.5 ± 0.4 fm [12] , implying a very strong attraction between two neutrons in the spin singlet state. Furthermore, theoretical predictions suggest that around 1/10 of the normal nuclear density ρ 0 , the 1 S 0 pairing gap may take a considerably larger value than that around ρ 0 [13] [14] [15] . In addition, the strong dineutron correlations are also supported by the enhancement of two-neutron transfer cross sections in several heavy nuclei [16] . In the weakly bound neutron-rich nuclei, di-neutron correlations are enhanced due to the couplings with the continuum and play an important role for unstable nucleus and the formation of nuclear halo [17] [18] [19] . Recently, di-neutron emission in 16 Be was observed for the first time, indicating the structure of di-neutron clusters inside neutron-rich nuclei [20] .
The progress in both theoretical and experimental investigations on di-neutron correlations in weakly bound nuclei has stimulated lots of interest in searching for possible BCS-BEC crossover of neutron pairing. The influences on di-neutron correlations by the Skyrme-type density dependent force and the finite-range Gogny force are discussed in Ref. [19] . In nuclear matter, the study of the BCS-BEC crossover phenomenon was mainly performed by using the finite-range Gogny interaction and the zero-range contact interaction [21] [22] [23] [24] . It has been found that the di-neutron correlations get stronger as density decreases, and BCS-BEC crossover could occur at low densities. Besides, based on the bare force given by a superposition of three Gaussian functions [21] or the bare nucleon-nucleon interaction Bonn potential [25] , the BCS-BEC crossover in the nuclear matter has also been investigated. It was shown that the spatial structure of the wave function for the neutron Cooper pairs evolves from BCS-type to BEC-type as density decreases. From several characteristic quantities, such as the effective chemical potential, the quasi-particle excitation spectrum and the density correlation function, there is no evidence for the BEC state of di-neutron pairs at any density. However, it was argued that a Bose dineutron gas may be found in the low-density limit in quasi-two-dimensional neutron systems as long as the slab is thin enough [26] . Recently, the study on the BCS-BEC crossover phenomenon has been extended to finite temperature [27] . The thermodynamic signal from the temperature dependence of specific heat suggests that BCS-BEC crossover has been found in the low-density region. In finite nuclei, the coexistence of BCS-and BEClike spatial structures of di-neutron wave functions has also been revealed in the halo nucleus 11 Li [28] . From the di-neutron wave function, a strong correlation between the valence neutrons appears on the surface of the nucleus.
For most investigations on di-neutron correlations, for convenience, the phenomenological effective nuclear forces are used in the particle-particle (pp) channel. The effective interactions in the relativistic mean-field (RMF) theory are also used in the pp channel [29, 30] . However, one has to introduce an effective factor for this kind of pairing interaction in order to obtain reasonable values for the gap parameter [30] . In fact, details of the effective nucleon-nucleon interaction in nuclear matter and finite nuclei are as yet not completely clarified, since most of the experimental data are not very sensitive to their details. It is generally believed that the bare nucleonnucleon interaction should be corrected by the medium polarization effects ( also referred to as the screening effects) in extracting the effective interactions in pp channel at various densities [31] . Therefore, it is of great interest to study the behavior of di-neutron correlations and the BCS-BEC crossover phenomenon with different strengths of the pairing interaction.
As the RMF theory has achieved lots of success in the descriptions of both nuclear matter and finite nuclei near or far from the stability line [32] [33] [34] , following a previous investigation [25] , the influence of the strength of pairing interaction on di-neutron correlations in the 1 S 0 channel will be studied with the relativistic HartreeBogoliubov (RHB) theory in nuclear matter in this work. The bare nucleon-nucleon interaction, i.e., the relativistic Bonn potential [35] , will be adopted in the pp channel with an effective factor to simulate the medium polarization effects and take into account the possible ambiguity of pairing force [31] , and the relativistic mean-field model is used in the particle-hole (ph) channel. The pairing strength marking the crossover from the strong correlated BEC state to the weakly correlated BCS state will be discussed. Section II briefly introduces the formulism of the RHB theory for nuclear matter. The results are given and discussed in Section III and finally the work is summarized in Section IV.
II. THEORETICAL FRAMEWORK
The RMF model with nonlinear σ-and ω-meson selfcoupling is employed in the ph channel to describe the bulk properties of the nuclear matter [32] [33] [34] . For the static and uniform infinite nuclear matter, the Coulomb field is neglected and the space-like components as well as the differential of the time-like components of the meson fields vanish.
In the RHB theory, the meson fields are treated dynamically beyond the mean-field approximation to provide the pairing field via the anomalous Green's functions, which gives a uniform description for the mean field and the pairing field [29] . In the case of infinite nuclear matter, the RHB equation is reduced to the usual BCS equation. The BCS ground state is defined as
where u k and v k represent the BCS variational parameters, andâ † k↑ (â † −k↓ ) are creation operators of a particle with momentum k (−k) and spin ↑ (↓) on top of the vacuum |− [36] .
For the 1 S 0 channel, the pairing gap function ∆(p) satisfies
where v pp (k, p) is the matrix element of nucleon-nucleon interaction in the momentum space. Here an effective pairing interaction factor λ is introduced to control the pairing interaction strength. The quasi-particle energy E k can be written as,
with the single-particle energy ε k and the chemical potential µ. The corresponding normal and anomalous density distribution functions are given in the following forms,
The single-particle energy ε k follows from the RMF theory,
where Σ 0 is the vector potential, Σ S the scalar potential, M the nucleon mass, and M * = M + Σ S the effective mass,
with g σ , g ω and g ρ the meson-nucleon coupling constants of the respective meson fields σ, ω 0 and ρ 0,3 , and τ 3 the third component of the nucleon isospin.
With the mean-field approximation, the meson fields are replaced by their mean values, and could be solved from the corresponding equations of motion with the given nucleon densities,
where ρ s , ρ b and ρ b,3 are respectively the scalar density, vector density and isospin vector density,
The nucleon Fermi momentum k Fi (i = n, p) is defined by the nucleon densities ρ i with ρ i ≡ k 3 Fi /3π 2 . Therefore, for nuclear matter with given baryonic density ρ b and isospin asymmetry ζ = (ρ n − ρ p )/ρ b , the above equations can be solved by a self-consistent iteration method with no-sea approximation. Accordingly, the chemical potential µ is obtained via solving Eq. (2), Eq. (4) and Eq. (11) by the self-consistent iteration.
The relativistic Bonn potential is used in the pp channel, which has a proper momentum behavior determined by the scattering data up to high energies [35] . It is defined as the sum of one-boson-exchange (OBE) potential of the six bosons φ = σ, ω, π, ρ, η, δ. The vector meson ρ includes the vector coupling channel ρ V , the tensor coupling channel ρ T and the vector-tensor coupling channel ρ V T , and the pseudo-scalar mesons π and η include the pseudo-scalar coupling channel π P V and η P V , respectively.
The matrix element v pp (k, p) is
where ε * k is the effective single-particle energy
D φ (q 2 ) is a meson propagator with the momentum transfer q = k − p, and F φ (q 2 ) is a form factor in order to get the reasonable value for the pairing gap,
with the meson mass m φ and the cutoff parameter Λ φ . The vertex functions of the OBE potential η φ and A φ (k, p) are listed in Table I . For the 1 S 0 pairing channel, the matrix element v pp (k, p) is related to v pp (k, p) by the integral,
where θ is the angle between the vectors k and p.
In the following calculations, Bonn-B potential [35] will be adopted for v pp (k, p) and the effective interaction PK1 [38] of the relativistic mean-field theory is used in the ph channel.
III. RESULTS AND DISCUSSION
In the following discussion, the pure neutron matter will be mainly selected to clarify the physics. To simulate the medium polarization effects and take into account the possible ambiguity of pairing force [31] , the effective pairing interaction factor λ varying from 0.8 to 1.4 is taken in the calculations. When the pairing gaps at the Fermi surface, ∆ Fn ≡ ∆(k Fn ), are plotted as a function of the Fermi momentum k Fn for different effective factor λ, a maximum ∆(k Fn ) always appears around k Fn = 0.8 fm −1 but changes from about 1.4 MeV for λ = 0.8 to about 6.5 MeV for λ = 1.4, and is 3.1 MeV for λ = 1.0, i.e., the relativistic Bonn-B potential.
For di-neutron correlations in the low density region, the scattering length a in the 1 S 0 channel, which is defined in terms of the T-matrix for the scattering in the free space, is an important physical quantity. According to the definition, the negative value of the scattering length a indicates an unbound state of neutron Cooper pairs while the positive value represents a bound state. It has been proposed to define the boundaries of the BCS-BEC crossover using a regularized gap equation approach [2, 21, 39, 40] , which is related with the scattering length a. This approach is generically applied to dilute systems, where the interaction matrix elements v pp (k, p) can be approximately treated as constant v 0 . Using the zero-energy T matrix, the relation between the scattering length a in the 1 S 0 channel and the constant interaction v 0 can be obtained as
where e(k) is the neutron kinetic energy, . The general expression could be found in Ref. [37] . See the text for details.
The pairing gap equation (2) becomes
From Eq. (17) and Eq. (19), the regularized gap equation is written as
Here instead of fixing the scattering length a from its physical value, it is treated as a variable calculated by Eq. (20) for different densities similarly as in Ref. [21] . The quasi-particle energy E k and the neutron kinetic energy e(k) in Eq. (20) are calculated by the momentum dependent pairing gap ∆(k) and the effective mass M * , which are obtained from the self-consistent RHB theory with Bonn potential for the pairing force. This is different from the regularized contact interaction model [21] , where constant pairing gap is used. However, the difference should be small in the low-density limit and comparable results are expected.
In Fig. 1 , the neutron-neutron scattering length a in the 1 S 0 channel is shown as a function of the neutron Fermi momentum k Fn for different effective pairing interaction factors λ in the pure neutron matter. When λ 1.06, only negative branch of the scattering length appears and the scattering length approaches zero at high densities, suggesting no bound state for neutron Cooper pairs. However, when λ ≥ 1.08, the positive branch of the scattering length becomes available at the dilute density, which implies the occurrence of a possible di-neutron bound state. For a given effective pairing interaction factor of λ ≥ 1.08, with the increasing density, the scattering length starts from positive value and then diverges to positive infinity, and after crossing the Feshbach resonance, it reemerges from negative infinity. With increasing λ, the Feshbach resonance is shifted to higher density.
From the regularized gap equation (20) , it was shown [21, 40, 41] that the properties of pairing correlations can be uniquely controlled by a dimensionless parameter 1/(k Fn a) which can give the evolution from BCS to BEC. The dimensionless parameter 1/(k Fn a) ≪ −1 corresponds to the weak coupling BCS regime, while 1/(k Fn a) ≫ 1 is related to the strong correlated BEC regime. From weak coupling to strong attraction, the parameter 1/(k Fn a) evolves smoothly from negative to positive. The boundaries characterizing the BCS-BEC crossover can be approximately determined by 1/(k Fn a) = ±1 [39, 40, 42] . The unitarity limit is defined as 1/(k Fn a) = 0, which is the midpoint of the BCS-BEC crossover.
In Fig. 2 , a contour plot for the dimensionless parameter 1/(k Fn a) of the neutron Cooper pairs is shown, as a function of the neutron Fermi momentum k Fn and the effective pairing interaction factor λ in the pure neutron matter. The boundaries of the BCS-BEC crossover (1/(k Fn a) = ±1) are denoted by the dashed lines, while the unitarity limit (1/(k Fn a) = 0) is shown by the dotted line. Distinct features of di-neutron correlations are revealed for different pairing strengths.
At low density region with k Fn 0.2 fm −1 , the neutron Cooper pairs evolve continuously with the pairing strength from weak coupling BCS state to strong correlated BEC state. The effective factor λ corresponding to 1/(k Fn a) = 1 which characterizes the BEC boundary starts around λ = 1.10 in the low-density limit and increases with the density. The effective factor λ corresponding to 1/(k Fn a) = 0 which characterizes the unitarity limit starts around 1.07 in the low-density limit and increases with the density monotonically. The effective factor λ corresponding to 1/(k Fn a) = −1 which characterizes the BCS boundary starts around λ = 1.03 in the low-density limit, decreases with the density to a minimum λ ∼ 0.85 at k Fn ∼ 0.35 fm −1 , then increases sharply.
Besides the dimensionless parameter 1/(k Fn a), the density correlation function D(q) [23, 43] , which describes the difference between the mean field and the pairing field, is also a useful quantity to study the dependence of di-neutron correlations on the strength of pairing force. This measure can give the transition points from BCS state to BEC state but not the BCS-BEC crossover region. At zero-momentum transfer, i.e., q = 0, the density correlation function D(q = 0) is reduced as
where κ k and ρ k are from Eq.(4). The sign change of D(0) has been considered as a criterion of the BCS-BEC crossover [23, 43] In Fig. 3 , it is revealed that the density correlation function D(0) has a similar pattern as the dimensionless parameter 1/(k Fn a). The effective factor λ corresponding to D(0) = 0 which characterizes the transition from BCS state to BEC state starts around λ = 1.05 in the low-density limit, decreases with the density to a minimum λ ∼ 1.02 at k Fn ∼ 0.20 fm −1 , then increases rapidly with the density. For λ = 1.0, the results show that no di-neutron BEC state could occur, which agrees with previous results [25] . By taking the density correlation function D(0) = 0 as a measure, the effective factor λ characterizing the transition from BCS state to BEC state is smaller than the case by taking the unitarity limit 1/(k Fn a) = 0 as a measure.
In the case of the RMF theory, it has been proved that the neutron pair wave function in momentum space Ψ pair (k), i.e., the anomalous density κ k in Eq. (4), satisfies a Schrödinger-like equation which is expressed as [25] 
with the corresponding energy eigenvalue 2ν n , where ν n is the effective neutron chemical potential obtained by deducting the momentum independent part from the chemical potential µ n ,
In the limit of zero density, the effective chemical potential ν n behaves as half binding energy of the Cooper pair [3] . For the evolution from the weak coupling BCS regime to the strongly correlated BEC regime, the effective chemical potential ν n is supposed to change from positive to negative. In Fig. 4 , a contour plot for the effective chemical potential ν n of the neutron Cooper pair is shown as a function of k Fn and λ in the pure neutron matter. The short dotted line denotes ν n = 0 in comparison with the dimensionless parameter 1/(k Fn a) = ±1, 0 extracted from Fig. 2 .
The effective factor λ corresponding to ν n = 0 which characterizes the transition from BCS state to BEC state starts around λ = 1.09 in the low-density limit, then increases monotonically with the density. For λ = 1.0, there is no evidence for the BEC state of neutron pairs at any density, similarly as the case by taking density correlation function D(0) = 0 as a measure. By taking the effective chemical potential ν n = 0 as a measure, the effective factor λ characterizing the transition from BCS state to BEC state is larger than the case by taking the unitarity limit 1/(k Fn a) = 0 as a measure.
Combining the conclusions mentioned above, it can be summarized that a di-neutron BEC state will appear in the low-density limit for λ ≥ 1.10 and there is only a weak coupling BCS state for λ 0.85. For λ = 1.10, the maximum pairing gap at the Fermi surface ∆ Fn is 4.12 MeV around the density k Fn = 0.8 fm −1 , and for λ = 0.85, it is 1.78 MeV.
For symmetric nuclear matter, recent studies have claimed that a di-neutron BEC state can be formed at k Fn ∼ 0.2 fm −1 after considering the medium polarization effects [22, 23] . In order to examine the above conclusion, similar investigation as the pure neutron matter for the symmetric nuclear matter has been done.
For symmetric nuclear matter, by taking the dimensionless parameter 1/(k Fn a) as a measure, a di-neutron BEC state will occur in the low-density limit for λ ≥ 1.10 and neutron Cooper pairs are totally in the BCS state for λ 0.85. By taking the density correlation function with zero-momentum transfer D(0) as a measure, the di-neutron BEC state will appear in the low-density limit for λ 1.05. The minimum effective factor λ corresponding to D(0) = 0 is around 1.01 with the neutron Fermi momentum k Fn ∼ 0.2 fm −1 . By taking the effective chemical potential ν n = 0 as a measure, the effective factor λ characterizing the transition from BCS state to BEC state is larger than the case by taking the density correlation function D(0) = 0 as a measure and the dineutron BEC state may occur in the low-density limit for λ 1.08. Combining the conclusions mentioned above, for symmetric nuclear matter, a di-neutron BEC state will appear in the low-density limit for λ ≥ 1.10 and there is only a weak coupling BCS state for λ 0.85, which are similar as the pure neutron matter.
In Refs. [21, 22] , the BCS-BEC crossover is investigated by several characteristic quantities including the probability for the neutron pair partners P (d n ) as well as the ratios ξ rms /d n , ∆ Fn /e Fn , and ν n /e Fn , where ∆ Fn is the neutron pairing gap at the Fermi surface, e Fn the neutron Fermi kinetic energy in Eq. (18) with e Fn = e(k = k Fn ), ν n the effective chemical poten- [21, 40, 41] , they can be used to describe the boundaries of BCS-BEC crossover.
In Table II are respectively listed the values of P (d n ), ξ rms /d n , ∆ Fn /e Fn and ν n /e Fn characterizing the BCS-BEC crossover in the pure neutron matter for the dimensionless parameter 1/(k Fn a) = 0, ±1, the zeromomentum transfer density correlation function D(0) = 0, and the effective chemical potential ν n = 0 with effective pairing factors λ = 1.0, 1.1, 1.2. The corresponding values for symmetric nuclear matter are given in the parenthesises. For comparison, the values in the regularized contact interaction model [21, 40] are also given.
In Table II , it is shown that the values of P (d n ), ξ rms /d n , and ν n /e Fn are almost independent of the pairing interaction strength and are similar for the pure neutron matter and the symmetric nuclear matter. Furthermore, the values of P (d n ), ξ rms /d n , and ν n /e Fn are consistent with the results obtained in the regularized contact interaction model [21, 40] . In Table II , the values of ∆ Fn /e Fn slightly increase with the pairing interaction strength, which might be ascribed to the fact that the pairing gap ∆ Fn increases with the pairing force TABLE II: Reference values of P (dn), ξrms/dn, ∆Fn/eFn and νn/eFn characterizing the BCS-BEC crossover in the pure neutron matter (symmetric nuclear matter) respectively for the dimensionless parameter 1/(kFna) = 0, ±1, the zero-momentum transfer density correlation function D(0) = 0, and the effective chemical potential νn = 0 with effective pairing force factor λ = 1.0, 1.1, 1.2. For comparison, the results obtained in the regularized contact interaction model [21, 40] [21] exists, which might be ascribed to the pairing force, i.e., the Bonn potential here and the constant interaction in the regularized contact interaction model. As the reference values of the characteristic quantities P (d n ), ξ rms /d n , ∆ Fn /e Fn and ν n /e Fn characterizing the boundaries of BCS-BEC crossover are obtained in the relativistic framework by a self-consistent way and are consistent with those got by the regularized contact interaction model of non-relativistic framework in Refs. [21, 40] , they provide a valuable guide in characterizing BCS-BEC crossover boundaries in future investigations.
IV. CONCLUSION
In conclusion, the influence of the pairing interaction strength on the di-neutron correlations in the 1 S 0 channel and the BCS-BEC crossover phenomenon in nuclear matter has been investigated based on the RHB theory. The effective interaction PK1 is adopted in the ph channel and the Bonn-B potential is used in the pp channel. The influence of medium polarization effects on the pairing properties and the possible ambiguity of pairing force are simulated by an effective factor λ appending on the Bonn-B potential.
From the dimensionless parameter 1/(k Fn a), the zeromomentum transfer density correlation function D(0) and the effective chemical potential ν n , a di-neutron BEC state will occur at dilute density if λ ≥ 1.10, and there is only a BCS state if λ 0.85. Moreover, the reference values of several characterized quantities P (d n ), ξ rms /d n , ∆ Fn /e Fn and ν n /e Fn characterizing the boundaries of BCS-BEC crossover are obtained in the self-consistent relativistic framework and are consistent with the nonrelativistic results [21, 40] , which may provide a valuable guide in characterizing BCS-BEC crossover boundaries in future investigations.
